arXiv:1501.02027vl [math.CO] 9 Jan 2015 


SPLINES MOD m 


NEALY BOWDEN AND JULIANNA TYMOCZKO 


Abstract. Given a graph whose edges are labeled by ideals in a ring, a generalized 
spline is a labeling of each vertex by a ring element so that adjacent vertices differ 
by an element of the ideal associated to the edge. We study splines over the ring 
Z/toZ. Previous work considered splines over domains, in which very different 
phenomena occur. For instance when the ring is the integers, the elements of bases 
for spline modules are indexed by the vertices of the graph. However we prove that 
over Z/mZ spline modules can essentially have any rank between 1 and n. Using 
the classification of finite Z-modules, we begin the work of classifying splines over 
Z/mZ and produce minimum generating sets for splines on cycles over Z/toZ. We 
close with many open questions. 
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1. Introduction 

This paper considers splines over the integers mod m. For us the Z-module of 
splines is parametrized by a graph G each of whose edges is labeled with an element of 
Z/mZ. A spline on an edge-labeled graph G = ( V , E, a) is an element f e (Z/mZ)l l 
so that for each edge uv in the graph, the difference f u — f t , is a multiple of the label 
on the edge uv. In other words f„ — f„ e (uv). 

The reader familiar with the classical definition of splines may feel bemused. Clas¬ 
sically splines are defined as the module of polynomials over the faces of a given 
polytope, with the condition that the polynomials agree up to a specific order at 
intersections of the faces. One important example is the collection of piecewise- 
polynomials over a polytope. Splines occur throughout mathematics: applied math¬ 
ematicians use them to approximate complicated functions or isolated data points 
by relatively manageable functions; analysts classify splines in low dimensions or 
with other fixed parameters [21 El SHUSH H]; algebraists study algebraic invariants 
of spline modules [3 El [7J [El [HI [201 [23 [23 [33] ; and geometers and topologists 
use splines to describe the equivariant cohomology ring of well-behaved geometric 
objects m m a 1221. Recent work generalizes splines to a more abstract algebraic 
and combinatorial setting, of which the definition in the previous paragraph is still 
just a special case (see also Section [21]) [13122113. 

Most existing work considers splines over specific rings: in the traditional analytic 
and applied cases, real polynomials rings; in the geometric/topological case and 
algebraic case, often complex polynomial rings; in a few cases, integers. We consider 
splines over integers mod m. Our motivation for studying these rings comes from 
Braden-MacPherson’s construction of intersection homology as a module similar to 
generalized splines [9j. Quotient rings and sums of quotient rings appear frequently 
in Braden-MacPherson’s construction. We view the work in this paper in part as a 
laboratory for those more complicated settings. 

The key difference between previous work and this paper is that Z/mZ is not 
a domain. Very different phenomena emerge in splines whose base ring is not a 
domain, and in particular whose base ring is Z/mZ. First these spline modules 
are finite. Thus spline modules over Z/mZ must have minimum generating sets— 
namely a generating set with smallest possible size (which is different from a jninimal 
generating set over a ring that is not a domain). In general spline modules need not 
be free [291 llO] . The structure theorem for finite abelian groups shows that finite 
modules are generally not free, but the minimum generating sets function like bases 
except that each element b of the minimum generating set has a scalar q, with 
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q,b = 0. For this reason these minimum generating sets of finite abelian groups are 
sometimes called bases in the literature da HU m IIS]; see Proposition 12.81 and the 
surrounding discussion for more. 

Over Z/mZ these minimum generating sets can be smaller than expected. Over 
a domain we know that the module of splines contains a free submodule of rank at 
least the number of vertices mi. and over a PID the module of splines is always 
free with rank the number of vertices [2Et [21] • Theorem IQ shows that there are at 
most n elements in the minimum generating set for splines mod m on a graph with n 
vertices. The rank of the Z-module of splines is defined to be the number of elements 
of a minimum generating set (not to be confused with the free rank of a Z-modulc 
[ 161 Definition 1, Page 165]). One of our main results proves the module of splines 
can have essentially any rank over a ring with zero divisors. More precisely Theorem 
14.31 savs the following. 

Theorem. Fix n and m so that n ^ 4 and m has at least 2 prime factors or so 
that n = 3 and m has at least 3 prime factors. Then there is a graph with n vertices 
whose splines over "LlmTL have rank k for each k = 1,2 ,,n. 


Theorem 13.71 gives another main result: a structure theorem for splines mod m. 

Theorem. Let G be a graph whose edges are labeled with elements in TLfmL. Let 
m!. rn" be relatively prime integers with rri'rn" = m and let G' be the graph obtained 
by taking each edge of G mod m! (respectively G", ml'). Then the rings of splines 
Rg,Rg and Rg" are related by 


R g = Re © Re" 


In other words we can use the prime factorization of m to reduce computations of 
splines considerably. This is similar to the technique of localizing at prime ideals in a 
polynomial ring used in work on algebraic splines, first by Billera and Rose [6], The¬ 
orem 2.3] and later by Yuzvinsky [33, Lemma 2.3] and DiPasquale [11] Proposition 
3.5 and Corollary 3.6] Section [5] uses Theorem 13.71 and other results in this paper to 
classify the module of splines completely for m = p and m = p 2 and any graph G, 
as well as for arbitrary m and graphs G = C n that are cycles. Algorithm 15.81 and 
Theorem 15.101 explicitly construct a minimum generating set for splines mod m over 
cycles, consisting of an analogue of upper-triangular basis elements called flow-up 
splines. 

Section O concludes with a number of open questions. 
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2. Notation and background 

In this section we give the general definition of splines, as well as the special case 
of the definition used in this manuscript. We also describe an analogue of upper- 
triangular bases for splines, which are called flow-up splines because of geometric 
applications in which the elements are defined by certain torus flows [18, 23, [321 [22j. 
The section ends by using the structure theorem for finite abelian groups to give 
conditions for when flow-up splines also form a minimum generating set. 

2.1. Definitions and Notation. 

Definition 2.1. Let G = (V, E) be a finite graph. Let R be a commutative ring with 
identity. Let a : E —> {ideals in R} be a function that labels the edges of G with 
ideals in R. The splines on G are elements f e R)' such that for each edge uv e E 
we have 

f u - f„ e (a(uv)). 

The collection of splines over the graph G with edge-labeling a is denoted Rc,a or 
just Rq if the edge-labeling is clear. 

The collection of splines Re,a form a ring and an ill-module with the subring and 
submodule structure inherited from R^ . In particular the identity spline 1 e Rc, a 
is defined so that 1„ = 1 for all v e V and the zero spline 0 e Rc, a is defined so that 
0„ = 0 for all v e V. 

In this paper the base ring is the quotient ring R = TLjrriL. Every ideal in Z/mZ 
is principal so we typically describe an edge-label (a) by the generator a e Z/mZ as 
in the introduction. 

Throughout this manuscript m refers to the modulus and n refers to 
the number of vertices in G. 

The graph we discuss most in this manuscript is the cycle with n vertices, which 
we label as shown in Figure [0 

We study the Z-module of splines Ra, a in this manuscript. 

Remark 2.2. We generally assume that the edges of our graphs are not labeled with 
0 or with units. If the edge e = V\V 2 is labeled with a unit, it does not restrict the 
splines on the graph since v\ = v 2 mod 1 is always true. If an edge e = V\V 2 is 
labeled zero it tells us that for every spline p the values p^ = p„ 2 . 
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FIGURE 1. Labeling conventions for general n-cycles 

In some of the constructions that follow, we will produce graphs with 0- or unit- 
edge-labels. Given such a graph G we can transform G into a graph G' that does meet 
our criteria and for which Rq = Rg 1 ■ The transformation merges any two vertices 
that are joined by an edge labeled 0 and erases any edge labeled with a unit. The 
associated isomorphism of rings of splines is the ‘forgetful’ map that simply omits 
p V2 for each edge e = V 1 V 2 that is labeled 0, and that is otherwise the identity. 

A key tool in this paper is the notion of flow-up splines, which generalizes the 
concept of a triangular generating set from linear algebra. 

Definition 2.3. Given a graph G with an ordered set of vertices V = {wi, v 2 , ■ ■ ■, v n } 
a flow-up spline for a vertex v % is a spline fW for which f (l )„ fc = 0 whenever k < i. 

Typically the order is chosen consistently with a direction on the edges of the 
graph. 

It can be very convenient if the entries of flow-up splines have at most one possible 
nonzero value. We call these constant flow-up splines, as defined below. 

Definition 2.4. A constant flow up spline in "LjmTL is a flow-up spline p for 
which there exists an element n t e Z/mZ such that pi„ e {0,ru} for each v e V. 

Example 2.5. We give a set of constant flow-up splines for a graph over Z/21Z. 
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2.2. Flow-up splines generate Rc , a • The module Rc,a is finite because it is a 
subset of (Z/mZ) n . The next theorem shows that we can pick flow-up splines to 
generate the module R G , a ■ Subsequent corollaries use the structure theorem for 
finite abelian groups to describe Rc, a explicitly in terms of flow-up generators. In 
Sections 15.11 and 15.21 we will refine this result to construct flow-up splines that form 
a minimum generating set for Rc.a- 

Theorem 2.6. The Z-module Rc, a is generated by a collection of flow-up splines. 

Proof. We prove the claim by induction. Our inductive hypothesis is that for some 
k with 1 ^ k < n there is a collection of at most k flow-up classes {f (1) : i < k] so 
that each spline f e Rc, a has integers <y e Z satisfying 

i v . — = 0 for all Vj with 1 ^ j ^ k. 

i 

The base case is k = 1 for which we take the spline u 1 ) =1 to be the identity spline. 
If f e R.c,a then the coefficient c\ = f Vl satisfies the condition that f Vl — = 0 

by construction. 

Now assume the claim for k. We show the inductive hypothesis holds for k + 1 as 
well. Consider the Z-submodule M fc+1 c= R G a consisting of all splines f such that 
f„. = 0 for all j with 1 < j ^ k. Now let Tu+i — Z/mZ be the collection 

Ik+i = {f Wfc+1 for all f e M k+1 }. 

As our notation suggests, the set Z fc+1 is in fact an ideal in Z/mZ. Indeed if f„ fc and 
f / ^ fe+1 are both in T k +i then their sum is (f + f')^ i which is also in T k +i- Similarly 
the integer multiple cf„ fc+1 is in fact the restriction of the spline cf to v k +i- Thus 
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the ideal is generated by a single element T k +\ = (a). Let f (k+ L be any element of 
Mk +1 with f^ k+1 ^ fe = a. By construction f< k+1 ) is a flow-up spline. (If a is zero we 
typically take f< k+1 ) to be the zero spline.) 


Suppose that f is an arbitrary spline in Re,a■ By the inductive hypothesis there is 
a linear combination of the flow-up splines {f^ : i ^ k] so that f — Jb Cjf (l) e M k+1 . 
By construction of f( k+1 ) we know that there is an integer c k +i so that 

c fc+ if (k+1) . 


L Vk + 1 


S 


cf (i) - 

A t>k +1 


Vk +1 


= 0 


as desired. By induction the claim holds. 


□ 


Remark 2.7. A collection of flow-up classes that generates the module of splines 
over an integral domain is in fact a basis, since the flow-up classes are linearly 
independent by construction. This may not be true when the base ring is not a 
domain. For instance consider the ring TLfGL and let G be the path on two edges 
whose left edge is labeled 2 and whose right edge is labeled 3. Label the middle vertex 
V\, the leftmost vertex v 2 , and the rightmost vertex v 3 . Then the flow-up splines from 
Theorem. 1 2 . hi are (1,1,1), (0, 2, 3), and (0, 0, 3) but 3 • (0, 2, 3) = (0, 0, 3). So (0, 0, 3) 
is generated by (0,2,3). 

Proposition 2.8. The 7j-module of splines Rc, a satisfies 

Rc,a = <33 Z/i dfL 

i 

for positive integers di,...,d t satisfying di\d 2 , d 2 \d 3 , ..., and d t ~i\d t . Moreover 
the integers di are uniquely determined by Rc, a - Finally suppose that for each i 
the spline pi maps to the generator of the summand TLfdiTL under the isomorphism 
Rc,a —* Then the set {pi} is a minimum generating set for Rc, a - 


Proof. This is the invariant factor decomposition of the structure theorem for finite 
abelian groups (considering the Z-module Rc, a as an additive group). The size of the 
minimum generating set of a finite abelian group equals the number of factors in the 
invariant factor decomposition (see, e.g., Dummit and Foote’s text [16| Definition 1 
on Page 165, Problem 11 on Page 166]). □ 

Remark 2.9. Example 15.111 shows that while the generating set in Example \2.5\ is 
minimal (namely no subset of those elements generates the same space) it is not 
minimum (namely a generating set with the fewest possible elements). In addition 
the minimum generating sets we consider are typically not bases in the traditional 
sense: our jnodules are generally not free because they are sums oflL/mlL for different 
moduli. Nonetheless a minimum generating set formed by taking a generator of 
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each factor in the invariant factor decomposition is in some sense canonical and 
could be called a basis mmmm- The minimum generating sets we produce in 
this manuscript are of this form, though we do not refer to them as bases in this 
manuscript. The size of a minimum generating set is called the rank of R G .a and 
denoted rk Rc, a - 


The next lemma combines ideas from the previous two results, showing that a 
spanning set of constant flow-up splines suffices to characterize the Z-module struc¬ 
ture Of Rc,a- 


Lemma 2.10. Suppose that Pi, p 2 , • • •, Pk is a set of flow-up generators for R Ga and 
that each pi is a constant flow-up spline, as in Definition\2.4\ Then as a Z-module 


Rc,a = © HjZ/raZ = ® Z/ 


rri 


1=1 


i =1 


gcd(nj, m 


-Z. 


Proof. The second isomorphism follows from the fact that nfL/rnL = Z/ gcd ^ m ^ Z. 
We thus construct an isomorphism p : R G . a 0*1 x cijZ/mZ to prove the claim. 

Given E c ? p; e Rc,a define the element 

k 

<P (Xj CiPi ) = ( c *)* fc =i e ® nfL/mL. 

i =1 

This is a Z-module homomorphism so to show that p is well-defined it suffices to 
show that if E GPi = 0 then 

T (2 C? Pi) = (°’°> 0 ’ • • •) 

If E c *Pi = 0 then for each v e V we know 2 qpi,. = 0 mod m. Evaluating at 
V\ gives YjCiPi Vl = Cipi^ l = Cirii because the set {pi} consists of flow-up splines. 
Hence cirii = 0 mod m and so Cipi = 0. Assume as the inductive hypothesis that 
for i < j we have CjUj = 0 mod m and CjPi = 0. Then evaluate E QPi at v 3 to get 

2 CiPi D' = Zi GPioj = c j Pj v, 

i^j 

by the definition of flow-up splines and then the inductive hypothesis. Since 2 QPi = 
0 we get CjPj, j; = 0 mod rn. Since pj = rij we conclude CjUj = 0 mod m and 
hence Cj pj = 0 as desired. By induction we conclude that if E c *Pi = p then 
T (E GPi) = (0, 0, 0,...) e 0*0 nfLj raZ. 
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We now show that the map has a well-defined inverse. For each (q)W, we define 

^ _1 ((q)ti) = 

This is well-defined because if (q)f =1 = (0)f =1 then qrq = 0 mod m for each i. 
Thus by hypothesis on the splines pi we have qp; = 0. Both ip and t/W 1 are Z- 
module homomorphisms by construction. We conclude that (p is an isomorphism as 
desired. □ 

The next corollary gives one set of conditions under which a generating set of 
flow-up classes is in fact a minimum generating set. The proof uses the previous 
lemma together with the structure theorem for finite abelian groups. 

Corollary 2.11. Suppose that p 1; p 2 ,..., p k is a set of flow-up generators for Rc, a 
satisfying the following properties: 

• The spline pi = 1. 

• The splines {pi : i = 2, 3,..., k} are constant flow-up splines satisfying pi„ e 
{0, afl for each v e V and each i. 

• The set {op = 1, a 2 ,..., a*,} can be reordered so that aj 1 |aj 2 |a i3 |...|aj fc . 

Then {p 1; p 2 , • • •, Pk} forms a minimum generating set for the Z-module Rc, a - 

Proof. Lemma 12.101 showed that Rc, a = Z/mZ©0*L If a flap then 

gcd(aj, m)\gcd{ap, m) which in turn implies that gcd( flfl / , m) | gcd flfl, ■ Up to reordering 
the factors, this is the invariant factor decomposition of the Z-module Rc, a - Thus 
each minimum generating set of Rc, a has exactly k elements. In particular the splines 
{pi : i = 1,2,..., k) form a minimum generating set for Rc, a ■ □ 

3. TWO REDUCTIONS 

In this section we give two tools to simplify the problem of identifying splines over 
G mod m. We state the results in terms of the more general ring-theoretic definition 
and then describe the cases that are most relevant to our applications. 

The first tool describes how splines change after applying homomorphisms to the 
base ring. We first describe general results—for instance, that ring surjections induce 
spline surjections and that ring injections induce spline injections. We then give 
several useful consequences: first that splines over the integers surject onto splines 
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mod m; second that splines mod mm! decompose into a direct product of splines 
mod m and splines mod m! when m and m! are relatively prime. 

The second tool describes how splines over G change after adding a vertex to 
the graph, and shows that the splines over the larger graph have the structure of a 
hbration with rank-one fiber. 


3.1. How changing the base rings affects the ring of splines. In this section 
we fix a graph G and describe how homomorphisms of rings induce maps on rings 
of splines over G. This allows us to conclude several useful things about splines 
mod m: 1) that bases for splines over the integers induce generating sets for splines 
mod m and 2) that the primary decomposition of the ring Z/mZ induces a similar 
decomposition of the rings of splines. 

We begin by defining a map from ring homomorphisms p : R' —* R to maps on 
splines p* : R ' Gp _ i(a) R G , a - 

Definition 3.1. Consider a ring homomorphism p : R' —> R. Let G be a graph with 
edge-labeling a : E —► {ideals in R}. Denote by p~ l (cz) the edge-labeling that assigns 
to each edge e the ideal p _1 (a(e)) in the ring R'. 

The map p* : R'q p -i(a) Rc,a is the restriction of the product map 

p. * : (i?') |v| - R lVl 
to the rings of splines p * : R' G p - i( a ) —* R G ,a namely 

(pj) v = p(f„) 

for each spline f e B! G and each v e V. 

Lemma 3.2. The map p* : R' c p -i( a) —* Rc,a is a well-defined ring homomorphism. 

Proof. The map p* is a well-defined ring homomorphism on the ambient rings p* : 

—> RH by definition. For each spline f s R' G p ~ the image p*f is a spline 
in R, G ,a as follows. For each pair of vertices u, v e V we have 

p(f«) — p(f«) £ p(p _ 1 («H)) 

and p (p~ 1 (a(uv))) = a(uv ) ^ R by dehnition. □ 

Corollary 3.3. Let G be a graph with edge-labeling a : E —» {ideals in R}. If 
p : R' —» R is an injection then the map p* : R' G p -i^ —* Rc,a is an injection. 
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Proof. If p is an injection then the map p * : I is an injection by 

definition, so the restriction p * : R' Gp -i^ —*■ Rc,a is also an injection. □ 

In addition surjections of rings induce surjections of splines. 

Proposition 3.4. Let G be a graph with edge-labeling a : E —> {ideals in R}. If 
p : R' R is a surjection then p * : R' c p -i( Q ) —> Rc,a is a surjection. 

Proof. Let f e R G , a ■ For each v s V choose an element n v e p^ 1 (f„). Dehne the 
element f' e (_R')l y l by f'„ = n v for each vertex v e V. We show that f' is actually a 
spline in R' G p - Go y Suppose that u, v are adjacent vertices. Then f' u — f' v = n u — n v 
by construction. Consider the image p{n u — n v ) in R. By our choice of n u and n v we 
know p(n u ) — p{n v ) = f u — f v and so p{n u — n v ) e a(uv). Thus n u — n v e /9 _1 (a;(nn)) 
and hence f r e R' G p -it a y This proves the claim. □ 

We give two applications in the context of splines mod m. The first shows that we 
can infer information about splines mod m from splines over the integers. It follows 
immediately from Proposition 13.41 

Corollary 3.5. Let G be a graph with edge-labeling a in "LjmTL. Let R! = Z denote 
the ring of integers and R = r LjmL denote the ring of integers mod m. Then the 
natural surjection p : Z —» Z/mZ induces a surjection p* : R' Gp - i( Q ) —» Rc,a■ In 
particular if {bx, b 2 ,..., b n } is a basis for the Z-module of splines R' G p -i( Q ) over the 
integers then {p*bx, p*b 2 ,..., p*b n } spans the Z-module of splines R G a over Z/mZ. 

For instance we use Corollary 13.51 to construct a three-cycle whose splines have 
rank one over ZjmZ where m has at least three prime factors. 

Example 3.6. If (C 3 , L) is three cycle mod pqr for some prime numbers p, q, r and 
if L = {pq, qr, rp} then the trivial spline 1 generates all splines on [C^^L). (The 
labeling in the diagram is fully general.) By [22] or [8] an integer basis for this 
edge-labeling is {[1,1, l] r , [0,pqr,pqr] T , [0, 0,pqr] T }. Thus all splines mod pqr are 
trivial. 








SPLINES MOD m 


13 


The second example of this reduction exploits the isomorphism Z/roZ = Z/m'Z© 
Z/m"Z when m'm" = m and gcd = 1 to obtain a structure theorem for 
splines mod m. This is similar to the technique of localizing at prime ideals for 
polynomial rings, which has been used in work on algebraic splines [6} HI, 33]. 

Theorem 3.7. Let R = TtjmTL with m = m'm" and gcd{ml,m") = 1. Denote the 
ring R! = 'Lfml'L and the standard quotient map p' : Z/mZ —* Z/m/Z, respectively 
R" = Tijmd'TL and p" : Z/mZ —> Z/W'Z. Let G be a graph with edge-labeling a over 
the integers, and let a' (respectively a") denote the edge-labeling function that sends 
each edge uv to the ideal a'(uv) = p'(a{uv)). 

Then 

Rc,a = R G ,a' © Rc,a"- 

Proof. By definition of the direct sum we have R G ,a'®a" = Rg,q.'®Rg,q." ■ By construc¬ 
tion the edge-labelings a' and a" satisfy (p') -1 (c/) = a and (p") _1 (a ,/ ) = a. Thus the 
Chinese Remainder Theorem guarantees that (// © p") -1 (cd('uu) ®a"(uv)) = a(uv) 
for each edge uv. We conclude that the isomorphism p' © p" : R —> R! © R" induces 
a map (p 1 © //)* : R G , a —*■ R'g,o! © R'c,a" ■ By Corollary E31 we know (p' © p'% is an 
injection and by Proposition 13.41 we know (p' © p")* is a surjection. It follows that 
R G , a = R'g,o.' © Rc,a" as desired. □ 

The next corollary describes how to use Theorem 13.71 to identify minimum gener¬ 
ating sets of and the rank of the Z-module of splines mod m. 

Corollary 3.8. Suppose that m = p^p ^ 2 ■ ■ • pyf is the primary decomposition of m. 
For each i = 1,2,... ,k denote the ring Ri = r Ljpff r L and the standard quotient map 
Pi : Z/mZ —> Z/p®’Z. Let G be a graph with edge-labeling a over the integers, and 
for each i let a* denote the edge-labeling function that sends each edge uv to the ideal 
a.i{uv) = pi(a(uv)). 

Then 

k 

Rc,a = ®(Ri)G,ai 
i =1 

and the rank of Rc, a is the maximum max {rk (Ri)G,ai for i = 1 , 2 ,... ,k}. 

Proof. The first claim follows from Theorem 13.71 and a small induction. For each i 
denote a minimum generating set for ( Ri)G,ca by {b^. : j = 1,..., dj. Let d be the 
maximum of the d\ and take M. to be 0 for each j with di < j < d. We construct 
a minimum generating set for Rc, a by finding the preimage in Rc, a of each tuple 
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^bj )i , bj, 2 ,..., bj, k j for j = 1 ,,d. The set generates Rc, a because its projection 

generates the isomorphic ring 0^ =1 (-Ri)G,a ; - It is a minimum generating set because 
d elements are needed to generate the b^. in one of the factors in the isomorphic ring 

©f-i Wg,*- In particular the rank of Rc, a is d as desired. □ 

Example 3.9. We can use the elementary divisors of TLjmTL to determine the in¬ 
variant factor decomposition of the ring of splines Rc, a mod m as a Z-module. 

Let G be the following edge-labeled triangle and consider the splines Rc,a over 
Z/36Z. The elementary divisors of Z/36Z are Z/4Z and "LI07L. We project to these 
elementary divisors in the graphs Hi and H 2 . The graph Hi is identical to G except 
that every edge label from G is now considered mod 4. Similarly in H 2 we take the 
edges from G mod 9. 




Z/36Z 


Z/4Z 




\30 


\ 2 

G 

G : 

18 

V) //, : 

2 

H 2 : 

0 



/12 


-So 



Z/9Z 


Next we determine a minimum generating set for Hi and H 2 ■ When two vertices 
Vi , v 2 are joined by an edge labeled 0 then since v\ = v 2 mod 0 we conclude v\ = 
v 2 . This means both Hi and H 2 are effectively single edges. Thus the minimum 
generating sets for Hi and H 2 are 


M(iZi) = 



M (H 2 ) = 



To find the minimum generating set for splines over G mod 6 we use the same 
strategy as we would for finding elementary divisors. In particular we find the unique 
spline mod 36 that projects to [1,1, l] r mod 4 and [1,1,1] T mod 9 and the unique 
spline mod 6 that projects to [2,0,0] T mod 4 and [0,3,0] T mod 9. We obtain 


M(G) = 
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Example 3.10. Suppose p and q are distinct primes. Label the edges of the complete 
graph K 4 as indicated below. Projecting to splines mod p the edges x 4 x 3 , x 3 x 4 , and 
x 4 X 2 all become zero so the vertices X 2 , x±,x 3 , x 4 all agree modp. Projecting to splines 
mod q the edges x\x 4 , x 4 x 2 , and X 2 X 3 all become zero so the vertices x±,x 4 ,X 2 ,x 3 all 
agree mod q. Thus all splines on this graph mod p are trivial and similarly mod q. 
From the isomorphism "LfpofL —* Z/pZ © Z/gZ we conclude that all splines mod pq 
on this edge-labeled graph are trivial splines. 



3.2. Adding one vertex to the graph. Suppose that the graph G + is obtained 
from the graph G by adding a single vertex and some number of edges. In this 
section we investigate how the rings Rc,a and Rc+, a + can differ. The key tool is 
the forgetful map from splines on G + to splines on G, which is well-defined by the 
following result mi Proposition 2.8]. 

Proposition 3.11 (Gilbert-Polster-Tymoczko). If G is a subgraph of G' then every 
spline in Re restricts to a spline in R G via the forgetful map n : Re —*■ Rg that 
omits the vertices in V ( G ') — V(G) and their incident edges. 


We use Proposition 13.111 repeatedly to guarantee that when we add a vertex to 
G we create no new splines on G itself. Loosely speaking we will show that each 
spline on the expanded graph G + consists of the sum of a spline coming from G and 
a spline supported exactly on the new vertex. More formally we have a sequence of 
maps as follows. 

Lemma 3.12. Let R be a principal ideal ring. Let G be an edge-labeled graph and let 
G + be a graph obtained from G by adding a vertex v plus some edges between v and 
vertices in G. Let N be the least common multiple of the labels on edges incident to v. 
Let M v be the collection of splines in R G + that are supported exactly on v. Define the 
map it : R G + —» R G by forgetting v and its incident edges. Then ker n = M v = NR. 


Proof. First we show M v ^ NR. If f e R G + and f u = 0 for all u adjacent to v then f v 
is a multiple of the label on each edge incident to v. In other words f, is a multiple 
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of N. Moreover f„ can be any multiple of N because 

f„ = rN and f u = 0 for all u A v 
satisfies all the edge conditions for each element r e R. 

Now we show that M v = ker-7r. Indeed if f e M v then by definition of n we know 
that 7r(f) = 0. Similarly if 7r(f) = 0 then i u = 0 for all vertices u A v. That means 
f e M v and proves the claim. □ 

Remark 3.13. We typically use this lemma together with the splitting principle, 
which states that if 

is an exact sequence of R-modules and ip : B —» M is a map such that irop:B^>B 
is the identity then M = A® B as R-modules. We will generally consider all of our 
modules (both spline modules R G and the submodules M v ) as Z-modules. 

For some maps 7r the ring of splines R G + is particularly easy to identify. 

Corollary 3.14. Let m be an integer. Let G be an edge-labeled graph and let G + 
be a graph obtained from G by adding a vertex v plus some edges between v and 
vertices in G. Suppose two of the edges incident to v are labeled ri\ and n 2 where 
lcm(ri!, nf) = m. Then Rq+ = Im 7r. 

Proof. In this case ker7r is isomorphic to {0} Q Z/mZ so the claim follows. □ 


The map n may not be surjective, not even when the base ring is the integers. 

Example 3.15. Consider G andG + below. Handschy, Melnick, and Reinders proved 
that the splines [1,1,1], [0, 6, 6], and [0, 0, 6] form a basis for R G + as part of a larger 
result about integer splines on cycles [22]. But the basis for R G consists of [1,1] 
and [0,2] pH Theorem 4.1]. In particular the spline [0,2] is not in the image of 

Rg+ - Rg- 


G : 


o 


2 


A basis for R G : 



O 
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4. Splines mod m can have almost any rank between 1 and n 


The rank of the module of splines on a graph with n vertices is tightly constrained 
over the integers: the rank must be n. This is no longer true mod m as we have 
already seen in several examples. In this section we show in fact the rank of a module 
of splines on a graph with n vertices mod m can be essentially any integer between 
1 and n. (The only exceptions are when m has few prime factors and n is very 
small.) Our proof has three main steps: we bound the rank of the module of splines 
by the number of vertices; we then show that any integer between 2 and n can be 
achieved; and we finish by showing when we can construct graphs with arbitrarily 
large number of vertices whose ring of splines mod m are trivial. 

We start by proving that the maximum rank of a module of splines mod m is the 
number of vertices in the graph. We prove the result for the base ring Z/mZ by 
using the quotient map Z —> Z/mZ. For this reason we include the result for the 
integers, too. 

Theorem 4.1. Suppose that G is a graph with n vertices. Both over the integers 
and over the ring Z/mZ the maximum rank of a ring of splines Rq is n. 

Proof. We prove the case of the integers first using induction on the number of 
vertices n. The base case is when n = 1 in which case Rc, a has rank 1 by (trivial) 
definition. The inductive hypothesis is that if G has n vertices then Rq has rank at 
most n. Now suppose that G + is obtained from G by adding one vertex v and some 
number of edges and define 7r as in Lemma 13.121 Then Rq+ = Im 7r © M v . Since 
Im 7r is a submodule of the free module Rq over the principal ideal domain Z it is 
free of rank at most rk Rq (see e.g. mi Lemma 13.121 showed that M v has rank at 
most one. Thus Rq+ has rank at most n + 1 as desired. 

Now let G be a graph with n vertices and let a be an edge-labeling over R = TtjmL. 
Denote the quotient map by p : Z —> Z/mZ and let a! be the edge-labeling over the 
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integers with p{a'{uv)) = a(uv) for each edge uv in G. Denote the integers by 
R' = Z. Corollary 13.51 showed that each set of generators for the ring of splines R' c a , 
over the integers surjects onto a set of generators for Rc, a over the integers mod m. 
Thus the rank of Rc, a is also at most n. □ 


The next result constructs graphs with arbitrarily large number of vertices n and 
with any rank between 2 and n. Our proof builds a graph with the desired rank 
vertex-by-vertex using constant flow-up splines; by controlling the label of one edge 
incident to the new vertex, we can determine whether the rank of the larger graph 
increases by one or stays constant. Note that the theorem assumes the modulus is 
not a power of a prime; Corollary 15.51 describes the module of splines when m is a 
power of a prime in the special case of cycles. 

Theorem 4.2. If m has at least two distinct prime factors then for each n ^ 2 
and each i with 2 ^ i ^ n there exists an edge-labeled graph G on n vertices with 
rk Rq = i. 


Proof. Choose two relatively prime factors ?r 1 ,ri 2 with ni?i 2 = m. This is possible 
because m has at least two distinct prime factors. We prove the theorem by induction. 
Our inductive hypothesis is that for n ^ 2 we can construct an edge-labeled graph 
Gi on n-vertices for each i with 2 ^ i < n such that 

• The module R.q, has a minimum generating set consisting of the trivial spline 
[1,1,..., 1] and i — 1 other flow-up splines each of whose entries are either ri\ 
or 0. 

The base case is when n = 2. In this case the graph with a single edge labeled (nf) 
has minimum generating set [1,1] and [0,u-i] satisfying the inductive hypothesis. 

Now assume the graph Gi satisfies the inductive hypothesis for n. We will add a 
vertex and several edges to Gi in two ways, one of which increases the rank of R,c, 
by exactly one and one of which preserves the rank of Rc i . 

First create the graph G\ by adding a vertex v together with at least two edges 
to vertices in Gi. Label all new edges in G[ with (nf). Next create the graph G'[ by 
adding a vertex v together with at least two edges to vertices in Gi. Label one of 
the edges in G" with (nf) and label the rest (nf). Denote the edge labeled (n 2 ) in 
G" by v'v. 
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We show that for both G\ and G" the maps n' : R G / —» R G . and n" : R G " —*■ 
R G/ from Lemma 13.121 are surjective. Indeed let b be a spline from the minimum 
generating set for R Gi given in the inductive hypothesis. Then we extend b to a 
spline 


• b' e R G '. by defining b', = 0 and 

• b' e R G n by dehning b', = b v i. 

Whether we set b^ = ri\ or b^ = 0 the result satisfies all edge conditions in G\ and 
all edge conditions except perhaps for edge v'v in G". By construction b^ — b' v , = 0 
and so in both cases b' is a spline. 

Recall that the collection of splines M v from Lemma 13.121 consists of all splines 
that are zero at each vertex of G*. For G[ we have the spline b w e M v defined by 
h v v = ni and h v u = 0 for all other vertices u. Moreover b w generates M v Q R G > by 
Lemma [3.121 proving that M v = n\R. For G" we have M v = ni^R = {0} also by 
Lemma 13.121 

In both cases Lemma 13.121 together with the splitting principle guarantee a gener¬ 
ating set. For R G > we have the generating set 

{b ; : b is in the inductive minimum generating set} u {b t! } 

while for R G " the splines {b' : b is in the inductive minimum generating set} alone 
span R G ". Corollary 12. Ill guarantees that both generating sets are in fact minimum 
generating sets. By inspection both minimum generating sets satisfy the inductive 
hypothesis. So by induction the claim is proven. □ 

Finally we show that for most moduli and for most n we can construct a graph 
with only trivial splines. The proof is similar to the previous theorem. 

Theorem 4.3. If 

• m has at least three distinct prime factors and n ^ 3, or 

• m has at least two distinct prime factors and n ^ 4 

then there exists an edge-labeled graph G on n vertices with rk R G = 1. 

Proof. Induct on the number n of vertices. The base case is either Example 13.61 or 
Example 13.101 Assume the claim holds for a given modulus m and number of vertices 
7i. Let G be the edge-labeled graph given by the inductive hypothesis. 
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The module of generalized splines Rg always contains the trivial splines, so if 
rk Rg = 1 then Rq consists solely of the trivial splines. Choose two relatively prime 
integers n i, n 2 so that n 3 n 2 = m. Construct a graph G' from G by adding one new 
vertex v and at least two new edges between v and vertices in G. Label the edges 
from v so that at least one is labeled (yif) and at least one is labeled (n 2 ). 

The projection n : Rqi —> Rq from Lemma 13.121 is a surjection in this case since 
every trivial spline on G can be extended to a trivial spline on G'. Lemma 13.121 
and the splitting principle together imply Re = Rg © M v . By construction M v = 
{nin 2 )’L/mL which is just zero. Thus Re = Rg- We conclude that Re also consists 
solely of the trivial splines. Every ring of splines contains all multiples of the identity 
spline so rk Re ^ 1. We conclude rk Re = 1 as desired. □ 

Remark 4.4. These are sharp results, in the sense that every graph with two vertices 
has rank at least two, and every graph with three vertices and exactly two distinct 
prime factors in its modulus has rank at least two. Indeed every graph on two vertices 
has rank 2 by inspection or by HU Theorem 4.1], 

To see the case of 3-cycles for which m has exactly two distinct prime factors, 
suppose the edge-labels are p ll q n , p l 2 qi 2 , and p l 3 q J3 . The least common multiple of 
p n qi 1 and p n qj 2 i s p maxil ^q max Td 2 ^ Suppose this equals m. No edge is labeled with 
m so assume without loss of generality that R < i 2 and ji > j 2 . The third edge must 
have either i 3 < i 2 or j 3 < j\. Assume without loss of generality that i 3 < i 2 . Then 
the least common multiple of p^q ^ 1 andp l 3 q J ' 3 is d = p max u,* 3 ^maxji J3 ^ s s t r i c tly 

less than m by construction. Thus the spline with d at the vertex incident to the first 
and the third edge and zero elsewhere is a nontrivial spline on the graph. 

Question 4.5. What are the possible ranks for splines mod p k ? 


5. Characterizing Rings of Splines in Particular Cases 

In this section we present classifications of splines over specific moduli. In some 
instances we are able to characterize all splines over arbitrary graphs for a given 
modulus, while in other cases our current characterizations are restricted to cycles. 
Many of the results that follow naturally provide a minimum generating set (for in¬ 
stance Theorem 15.2p . In some cases we obtain a generating set that is not necessarily 
minimum. Thus Section 15.21 gives an algorithm to transform the generating sets in 
Section 15.11 into minimum generating sets. 
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5.1. Generating Sets. The main goal of this section is to give specific results about 
splines mod p k where p is prime. We culminate by completely classifying splines over 
cycles mod m for arbitrary integers m. We begin with two simpler cases: when the 
base ring is Z/pZ and when all edges in a graph are labeled with the same ideal. 

Theorem 5.1. Let p be a prime number. If G is an edge-labeled graph over "LjpTL 
with no edges labeled zero then every vertex-labeling over TLfpTL is a spline on G. 

Proof. Consider an arbitrary graph G in Z/pZ. Since Z/pZ is a field (1) is the only 
nonzero edge-label. The ideal (1) is the entire ring so each pair of adjacent vertices 
can be labeled arbitrarily in Z/pZ. Thus any set of vertex labels will satisfy the 
spline conditions on G. □ 

We extend the previous result to a similar result when G has only one edge-label 
as follows. 

Theorem 5.2. If G is a connected graph such that every edge of G is labeled with 
(a) then a minimum generating set for Rq is 



Proof. Let G n denote any connected graph on n vertices for which every edge is 
labeled a. The theorem describes a set of flow-up classes whose entries are all a or 
0. If these splines together with the identity spline generate Rc, a then they satisfy 
the hypotheses of Corollary 12. Ill and thus form a minimum generating set for Rc, a - 

Thus we prove that the set in the theorem generates Rc n ,a for any G n . Our proof 
proceeds by induction on the number of vertices n. 

The base case is clear (see also m Theorem 4.1]): 
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Rg 2 = 





Assume B (Ref) gives a minimum generating set for R Gi for any G* with 1 < i ^ 
n — 1 and let G n be a graph with n vertices. Choose any n — 1 of the vertices and 
let G n _i be the graph induced by those vertices. Let v denote the n th vertex. Every 
edge in G n and hence G n _i is labeled a so the inductive hypothesis holds for G n _i. 
Consider vr n : R Gn R Gn _ 

The difference between any two adjacent vertex-labels in any element of B (R Gn ) is 
either 0 or a. Since every edge in G n is labeled a by assumption the spline conditions 
are satisfied in G n . Thus the elements in B(i?G n ) are all splines on G n . Notice 
that the elements of B(i?G n _ 1 ) agree with the first n — 1 elements of B (Rg„) in the 
lowest n — 1 entries. Thus n n is surjective and M v is generated by [a, 0, 0,..., O] 4 . We 
conclude from Lemma [3.121 that R Gn = R Gn _ 1 © M v and hence M(R Gn ) is a minimum 
generating set for splines on G n . □ 


The case of splines over Z/p 2 Z follows as a corollary. 

Corollary 5.3. Let G be a graph and p a prime number. Then splines on G over 
TLj^TL are generated by the minimum generating set B (R G ) in Theorem \5.S[ 


Proof. The ideal (p) generates all zero divisors in Z/p 2 Z which means there exists only 
one nonzero, non-unit edge label in Z/p 2 Z. Hence graphs over Z/p 2 Z are completely 
characterized by this theorem. □ 


We extend this result partially to cycles whose edges are labeled by powers of a. 

Theorem 5.4. Fix a zero divisor a in TLjniL. Suppose all of the edges of C n are 
labeled with powers of a so the set of edge labels is {a fcl , a k2 , a k3 ,..., a kn j. Without loss 
of generality assume that a kl is the minimal power in the set and that a kl is the label 
on edge £ n . Then the following set generates all splines on C n . 
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Proof. We need to verify that every element in our generating set is a spline on C n 
and that every possible spline on C n can be written in terms of elements of our 
generating set. 

The trivial spline is a spline by definition. Notice that every other element of B is 
of the form (4 4..., 4 0,..., 0)4 The difference between any pair of adjacent vertices 
is 0 around every edge except around the edges ii and i n . The spline conditions are 
trivially satisfied for each pair of adjacent vertices that differ by 0. The difference over 
the other two edges is 4 Notice that ii divides itself and recall our convention that 
the n th edge is labeled with a kl which divides all other edge-labels by assumption. 
Thus the spline conditions are satisfied at every edge. 

Suppose f is an arbitrary spline in Rc n . We induct on the number of leading 
zeros of f to show that it is generated by B. If it has no leading zeros then the linear 
combination f — f, n 1 is a spline in Rc n with one leading zero. If the spline has i leading 
zeros then f„ i+1 must be a multiple of i t since the i th edge is Vjiy+i and v t is labeled 
zero by hypothesis. Let c = f Vi+1 /ii. It follows that f — f’„ i+1 (44 ...,44 ...,0) T is 
a spline in Rc n with i + 1 leading zeros. By induction we conclude every element 
f e Rc n can be written as a linear combination of the splines in B. 

Corollary 12.111 shows that this set is minimum, proving the claim. □ 

The previous result completely characterizes the ring of splines for cycles over 
Z/p fc Z as we see next. 

Corollary 5.5. Let C n be the cycle on n vertices, let p be a prime number and let 
k be any positive integer. Then the splines on C n over r Ljp k 'L are generated by the 
minimum generating set B in Theorem \5.4\ 

Proof. The only possible edge labels over Z/p fc Z are {(p), (p 2 ), (p 3 ),..., (p fc-1 )}. By 
rotating the edge-labeled graph we can assume that the edge l n is labeled with the 
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least power. This rotation induces an isomorphism on the ring of splines. Thus 
Theorem 15.41 gives a minimum generating set for Rc n ,a over Z/p fc Z. □ 


Together these results allow us to completely describe splines for cycles over Z/mZ. 

Theorem 5.6. Fix m with prime factorization m = pi kl pfl 2 ...p k3 . Let C n be a 
cycle with edge-labeling a : E(C n ) — * Ideals in Z/mZ. For each i = 1,..., j let 
denote Z/p( ;,: Z and Zet denote the edge-labeling of C n that sends each edge e to 
a(e) mod ‘ . Then 


Rc„,a = R cl, a m © R 


( 2 ) 
'Cn,a( 2) 


© ^ (3) C„.a(3) © ••• © R ^Cn,aV) 


where each /?,© a(i) has a minimum generating set B groen m Theorem 5.f 


Proof. Theorem 13.71 decomposes -Rcy.a as 


R 


C-n 




(l) 

‘C n ,CcW 




CVi 


(3) © ... © R ^c„M j) ■ 


Theorem 15.41 applies directly to each RW Cn a w since each is the ring of splines of a 
cycle over Z/p^Z. Hence we can completely describe all splines on C n in Z/mZ for 
arbitrary m and n. □ 


The previous strategy and Theorem 15.61 are theoretically powerful. However they 
do not always produce the cleanest and most useful results. The next theorem 
illustrates this point. It produces a very elegant minimum generating set in a case 
where Theorem 15.61 would not directly apply (since n\ and n 2 need not be relatively 
prime), and the minimum generating set it produces is not immediately the same 
as the one that we would get via Theorem 15.61 In fact while Theorem 15.61 could be 
used to prove the following result when n \, n 2 are coprime, the proof would not be 
significantly shorter. So in computational problems, ad hoc strategies may still be 
useful. 

Theorem 5.7. Let C n be labeled as in Figured Fix m,mi,m 2 such that m\ =|= m 2 
and lcm(mi,m 2 ) = m. Assume every edge of C n is labeled with either mi or rn 2 and 
that both mi and m 2 appear as edge labels at least once. Then the following set B is 
a flow-up generating set for Rc n : 
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where Zi = 0 if £i = m 2 and Z{ = £i if G = m 1 


Proof. Without loss of generality assume that £ n = mi and £ n -\ = rn 2 . We need to 
verify that every element in B is a spline on C n and that every possible spline on C n 
can be written in terms of elements in the set. 

To demonstrate the former, note that the trivial spline is a spline on every graph. 
In the non-trivial elements of B, notice that the difference between any two adjacent 
vertices is 0 over every edge £k for 0<k<iori<k<n^l. Spline conditions 
are trivially satisfied in these cases. The labels for the vertices incident to G are 
(0,£i) and thus also satisfy spline conditions. The edges £ n and l n -\ connect vertices 
labeled (0,Zi) and (Zi,G) respectively. Note that Zi is defined to be exactly that 
vertex label which satisfies the spline conditions for these edge labels. Thus every 
element in B is a spline on C n 

Every spline on C n can be written in terms of elements in B by the same inductive 
argument that appeared in Theorem 15.41 The major difference between this case 
and Theorem 15.41 is that our generating set looses a rank: namely if ( s , 0,..., 0, 0, 0) r 
is a spline on C n with n — 1 leading zeros then s must be a multiple of £ n -\ and £ n . 
Since lcm(mi,m 2 ) = m we conclude s = 0. This proves the claim. □ 

5.2. An algorithm to produce Minimum Generating Sets from Theorem 

EB We can use Theorems 15.41 or [5171 to find a generating set for Rc n ,a over Z/mZ. 
However these generating sets may not be minimum. In this section we present an 
algorithm that turns these generating sets into a minimum generating set. The algo¬ 
rithm is essentially the same as that which relates prime factorizations to elementary 
divisors in the structure theorem for finite abelian groups (see, e.g., [TBJ, Page 164]). 

Algorithm 5.8. Minimum Generating Set Algorithm 
(1) Fix m and a factorization m = m\m 2 ■ ■ ■. 
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(2) Let ® be a generating set for Rc n , a that consists of the identity spline together 
with constant flow-up splines whose order divides one of mi, m 2 ,.... 

(3) Write b' x , b' 2 ,... for the splines of order mi, b '^. h'fl ... for the splines of 
order m 2 , and so on. 

(4) For each i remove as many of b-, b",... as possible from B and add the sum 
b; + b" + • • • to the set M. 

(5) Any splines left in B have the same order so put them in M too. 

Example 5.9. Here is an example of how to use Alaorithm \5.8\ 

(1) We use ’Lj'lYI, and C e as in Figure 2. 



Figure 2. Every edge is labeled 3 or 7 and 3-7 = 0 mod 21 
(2) We obtain the nonminimum generating set B. 
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Every element in B generates an additive subgroup isomorphic to a subgroup 
of Z/21Z. The trivial spline 1 is the only element of B that generates the 
whole subgroup Z/21Z. 

(3) Make as large a matching as possible of splines of additive order 3 together 
with splines of additive order 7: 
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(4) Sum the pairs from the previous step to form new flow-up splines: 
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(5) The minimum generating set M consists of the two new splines together with 
any unpaired splines from the original generating set. 
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Theorem 5.10. Suppose that the generating set B for Rc n ,a Is obtained either from 
the pullbacks of the minimum generating sets in Theorem \5.6\ or from Theorem \5. 7[ 
Then the set M is a minimum generating set for Rc n ,a- 


Proof. In the case of Theorem 15.61 we have a factorization m = Y\vlf into distinct 
prime powers. For Theorem 15.71 we have mi and m 2 with lcm(mi, m 2 ) = m. We use 
the relatively prime pair mi and — 77 ^—- for which also 

^ r gcd(rai,m2) 

777-1 • -—---- = lcm(?77i, m 2 ) = 777. 

gcd(m 1 ,m 2 ) 


In both cases consider the quotient maps Z/??7Z —> Z/djZ for each divisor df\m as 
well as the induced maps on splines Rc n ,a —»■ R 7 . aW . By Theorem 13.71 we know that 


R Cn ,a = R, 


( 1 ) 

C n ,aW 


R 


( 2 ) 

C n ,a ( 2 ) 


In the case of Theorem 15.71 the function afll labels j edges with 0 and the other n — j 
edges with mi. By Remark 12.21 and Theorem 15.21 we conclude that R^~! a(i) has rank 
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n — j. This is also the size of the image of ® in a(i) so B consists of the preimage 

of a minimum generating set for R^} a(1) and R^ a(2) . (This is true by hypothesis 
for Theorem 13.71 ) 

If the order of an element b e Rc n ,a is d then the order of its image in (i) 
divides d for each i. In the case of Theorem 15.61 the order of each generator divides 
p ki for some i so the image of b e B is zero in all direct summands except R'^! (i) . 
In the case of Theorem 15.71 we constructed the quotient maps so that if b e B 
has order m ; then its image in R^! w is zero for each i = 1,2. As proven in the 
previous paragraph, when the image of b £ B is nonzero then it is part of a minimum 
generating set for a unique R^ q(i) . Thus the sums in the set M are precisely the 
elements identified in the invariant factor decomposition (see Corollary 13.8p . so they 
form a minimum generating set for Rc n ,a as desired. □ 


6. Questions 

Our first collection of questions extends the work in this paper directly. 

Answering this next question would allow us to classify splines for larger families 
of graphs over Z/mZ. 

Question 6.1. Can we find a minimum generating set of constant flow-up classes 
over 7Ljp kr L? Can we classify splines for other families of graphs over T,!p kr L? 


Theorem 13.71 might be exploited to produce more explicit descriptions of splines 
over TLjmTL if m has few prime factors. 

Question 6.2. Can we classify splines over "L/pipfi^ for pi,p 2 prime? Or over 
Tj/piP-ppfiL for pi,pz,pz prime? 


The classifications that we have completed, together with the questions above, lead 
us to wonder about combinatorial statistics of the module of splines. For instance 
we have the following. 

Question 6.3. Given G and m what is the smallest possible rank of R,c, a ? What is 
the distribution of rk Rc, a over all edge-labeling functions a? 
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The structure theorems that we have developed lead to the following kind of clas¬ 
sification, as well, in which we classify spline modules themselves rather than identify 
the possible splines for a given graph or ring. 

Question 6.4. Can we classify isomorphism classes of splines given m,n? For 
instance if n,m are fixed, how many distinct rings Rc, a arise as spline modules for a 
graph with n vertices over 'LjmTL? 

We generally restrict onr attention in this paper to rings of the form Z/mZ though 
the arguments in Theorem 13.71 and Corollary 13.81 could be extended to other rings. 

Question 6.5. How broadly can Theorem \3.7\ and Corollary 1,7.<81 be extended? Can 
they be used to develop effective computational tools like Alaorithm \5.8\ ? 

Finally objects similar to splines over quotient rings arise naturally in Braden- 
MacPherson’s construction of intersection homology [9j. In that case we have quo¬ 
tients of polynomial rings (and sums of quotients of polynomial rings) rather than 
integers. 

Question 6.6. Which of the results in this paper extend to the Braden-MacPherson 
setting? 
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